We study the volumes volume(D) of a domain D and volume(C) of a hypersurface C obtained by a motion along a submanifold P of a space form M n λ . We show: (a) volume(D) depends only on the second fundamental form of P , whereas volume(C) depends on all the ith fundamental forms of P , (b) when the domain that we move D 0 has its q-centre of mass on P , volume(D) does not depend on the mean curvature of P , (c) when D 0 is q-symmetric, volume(D) depends only on the intrinsic curvature tensor of P ; and (d) if the image of P by the ln of the motion (in a sense which is well-defined) is not contained in a hyperplane of the Lie algebra of SO(n − q − d), and C is closed, then volume(C) does not depend on the ith fundamental forms of P for i > 2 if and only if the hypersurface that we move is a revolution hypersurface (of the geodesic (n − q)-plane orthogonal to P ) around a d-dimensional geodesic plane.
Introduction
In [14] , Weyl gave a formula for the volumes of a tube and a tubular hypersurface around a submanifold P of the Euclidean space and the sphere. First he obtained a formula for the volume which shows it depends only on the second fundamental form of P and the radius of the tube. Then, he applied invariant theory to show that, in fact, the dependence on P reduces to a dependence on the intrinsic geometry of P (see [6] for a modern approach and further references).
In [7] , Gray and the second author initiated a way, via Pappus type theorems, to get a deeper understanding of these formulae. The starting point was the computations by Goodman and Goodman in [4] (completed by Pursell and Flanders in [11] and [3] ) generalizing Pappus formulae for the volume of a domain (or a surface) in R 3 obtained by the motion of a plane domain (or a plane curve) along a curve in R 3 . In [7] , all these formulae were generalized to simply connected space forms M n λ of constant sectional curvature λ and arbitrary dimension n. Given a curve c(t) in M n λ , let P 0 be the totally geodesic hypersurface of M n λ through c(0) and orthogonal to c(t), let D 0 be a domain of P 0 and let C 0 be a hypersurface of P 0 , and let D and C be, respectively, the domain and the hypersurface of M n λ obtained by a motion along c(t) of D 0 and C 0 , respectively. In [7] it is shown that: In [2] , Gual and the authors studied volume(C) in more detail, and showed, among others, that, (d) for most motions, the above nice property of volume(C) only holds if C 0 is contained in a geodesic sphere, that is, if C is very similar to a tubular hypersurface.
In conclusion: all the nice properties of the Weyl's formula remain for motions along curves if we move domains with the centre of mass on the curve, and, for hypersurfaces, this happens essentially only with parallel motions.
In this paper we complete this study by considering motions along submanifolds P of M n λ of dimension q 2, which was the original (and more complicated) setting of Weyl's tube formula. First, we define what we understand by a motion along a submanifold (we will define also tubes of nonspherical section at the end of Section 2). Then, we shall obtain a formula for volume(D) (Theorem 3.1) when D is a domain obtained by the motion along P of a domain D p contained in the totally geodesic submanifold M n−q λp of M n λ through p ∈ P of dimension n − q tangent to the vector space N p P normal to P at p. From this formula we get: This completely solves the question of the influence of the ball-like shape of the section of a tube around a submanifold P on the fact that the volume of the tube depends only on the intrinsic geometry of P : what really matters is that the sections of the tube be q-symmetric. On the other hand, the necessity of the hypothesis of q-symmetry is shown by some simple examples given in Section 4 (before Definition 4.2). It is also remarkable that the symmetry of D p must increase with the dimension of P in order to have a Weyl's type formula for the volume.
We also obtain a formula for volume(C) (Theorem 5.1) when C is a hypersurface of M n λ obtained by the motion along P of a hypersurface C p contained in M n−q λp . From this formula we get that (c ) in general, volume(C) depends on all the ith fundamental forms of P , but volume(C) is bigger than some quantity depending on the second fundamental form of P and the motion. If C p is q-symmetric, this quantity does not depend on the motion, it depends only on C p and the intrinsic geometry of P , and it is an universal lower bound for volume(C) in the set of the motions of C p along P . 4(b) ). The precise statement of Theorem 6.4 that we shall see in Section 6 has the following intuition: "when the motion of C p runs over all kind of rotations in SO(n − q − d), if volume(C) attains its lower bound, then there is an action of SO(n − q − d) over C p with orbits of codimension d". Moreover, in Theorem 6.6 we characterize a pair (motion ϕ, hypersurface C p ) on which volume(C) attains its lower bound. Now, some notation: M will denote an arbitrary Riemannian manifold of dimension n, and P will be a regular submanifold of M of dimension q. N P will denote the normal bundle of P in M, and W will be the maximal neighborhood of P in N P on which the exponential map, exp, is a diffeomorphism.
D will denote the normal connection on N P induced by the Levi-Civita connection ∇ on M. Let p be a fixed point of P . P p t will denote the D-parallel transport from p to α(t) along some geodesic α(t) of P satisfying α(0) = p.
For every x ∈ P , and every unit N ∈ N x P , L N will denote the Weingarten map of P at x in the direction of N .
For every x ∈ P , τ t will denote the ∇-parallel transport from x along some geodesic of the form exp x tw, with w ∈ N x P and |w| = 1. r x (z) = dist(x, z), where dist is the distance in M, x ∈ P and z ∈ exp x (W ∩ N x P ). In this situation, the distance to x in M is the same that the distance to x in exp x (W ∩ N x P ). p : P → R will denote the map defined by p (x) = dist P (p, x), where dist P is the distance in P . The symbol ( ) will denote the usual derivative for a function from R to R, the tangent vector for a curve in M n λ , and the covariant derivative for a vector field along a curve. For every λ ∈ R, s λ : R → R will denote the solution of the equation s + λs = 0 with the initial conditions s(0) = 0 and s (0) = 1; and c λ = s λ .
M n λ will denote a simply connected space form of dimension n and constant sectional curvature λ. For any x ∈ P , M n−q λx will denote the totally geodesic submanifold through x, of dimension n − q, tangent to N x P . For each y ∈ M n−q λx , N y (x) will denote the unit vector at x tangent to the minimizing geodesic from x to y.
Given any subset F of a hypersurface C p of M n−q λp , BdF (respectively Int F ) will denote the topological boundary (respectively interior) of F in C p .
Motion along a submanifold and tubes of nonspherical section
Definition 2.1. A motion from p along P is a family of diffeomorphisms
(a) each φ x * p is an isometry of Euclidean vector spaces, (b) each φ x carries the geodesics through p into geodesics through x, with φ p = Id, the identity map, and (c) the map φ :
Taking ϕ x = φ x * p , a motion can also be equivalently defined as a family of maps {ϕ x : N p P → N x P } x∈P satisfying: (a ) each ϕ x is a linear isometry, ϕ p = Id, and (b ) the map ϕ :
The maps φ x and ϕ x are related by
Obviously, the map ϕ is a vector bundle isomorphism, then the existence of a motion along a submanifold P implies that the normal bundle is trivial. This is not a breakdown for us, because we are interested in the computation of volumes, and, if N P is not trivial, we can always subtract from P a set Z of zero measure in order to have P − Z be a submanifold with trivial normal bundle (nevertheless, see the definition of tube of nonspherical section at the end of this section, and the remarks done there).
Usually, the motion will be described either by the map φ, or by the map ϕ of Definition 2. 
The following example of motion will play an special role in Section 6. If every x ∈ P can be joined to p by a unique minimizing geodesic α(t) of P with α(0) = p and α( p (x)) = x, then we define the motion {ϕ
This motion will be called the radial motion from p.
Given any motion ϕ, every unit vector u ∈ N p P defines a unit normal vector field N u on P by
A parallel motion is a motion satisfying that for every x ∈ P , every X ∈ T x P and every unit vector u ∈ N p P , D X (N u ) = 0. This motion exists if and only if the D-holonomy of the normal bundle is trivial, and, if so, it coincides with the radial motion.
A tube (respectively a tubular hypersurface) of radius r c(P ) around P in M can be described as the image by exp of certain fiber subbundle of N P by
where N P (r) = {v ∈ N P ; |v| r} and SN P (r) = {v ∈ N P ; |v| = r}. That is, the tube P r (respectively the tubular hypersurface ∂P r ) is the image by the exponential map of a subbundle of N P with standard fiber a ball (respectively a sphere) of R n−q . Then, if we look for tubes of nonspherical section, the following is the natural 
. In particular, if D 0 (respectively C 0 ) has no symmetry, P D (respectively P C ) only exists on submanifolds P with trivial normal bundle.
Let {(U, β)} be an atlas of the vector bundle π : N P → P with transition functions in G. Then, every chart β :
which is a motion along U from p in the sense of Definition 2. The volume of D can be computed following the arguments in [6] for the volume of a tube. However, in order to have an unified approach to the computations of the volumes of D and C (where the methods of [6] fail), we shall do a detailed derivation of a formula for volume(D). 
where the last expression is the norm of the exterior product defined in the standard way (see, for instance, [10] 
On the other hand, since φ x is an isometry and {e q+1 , . . . , e n } is an orthonormal basis of T exp p µ D p , the vectors
Then, from the skewsymmetry of the exterior product,
where (∇ e a N u ) denotes the component of ∇ e a N u tangent to P . Having account that (∇ e a N u ) = −L N u e a and, again, the skewsymmetry of the exterior product, we have
which finishes the proof of the theorem. 2
Consequences of Theorem 3.1 and a Weyl type formula for motions
An interesting consequence of Theorem 3.1 is that volume(D) depends only on the second fundamental form of P and not on the (k + 1)th fundamental forms for k 2 (we call (k + 1)th fundamental form to the k + 1 symmetric covariant tensor s k defined in [13, p. 235 ff]). The nontriviality of this statement will be clear when we show, in Section 5, that volume(C) generally depends on all the (k + 1)th fundamental forms.
Developing the determinant in the formula for the volume(D) in Theorem 3.1, we have 
which has to vanish if p is a minimum. Moreover
where ∂ r is the gradient of the function r p and X ⊥ is the component of X orthogonal to ∂ r . Then, a standard argument (see, for instance, [1, Chapter 8] or [9] ) shows that the q-centre of mass exists if B has compact closure (and is contained in a ball of radius
It follows from this definition and formula of Corollary 4.1 for volume(D) that if p is the q-centre of mass of D p , then volume(D) does not depend on the mean curvature of P , it depends only on the higher order mean curvatures. This generalizes Theorem 1 and its corollary in [7] to higher dimensions.
The situation looks different from that of Weyl's Theorem (and from that of Pappus formulae for motions along curves), where the volume of a tube depends only on the radius and the intrinsic geometry of P . Here, the analogous result would be that volume(D) depends only on D p and the intrinsic geometry of P , but, using formula of Corollary 4.1, it is easy to find examples showing the this is no longer true, even if we take D p central symmetric. For instance, if I = ]0, 2π [, we consider the isometric embeddings
we put D p on the normal bundle of each j i (I 2 ) with the point (0, 0) at the 0 section and with the canonical basis of R 2 identified with the basis {(0, 0, 1, 0), (0, 0, 0, 1)} for i = 1, and with 
where N z (p) i denotes the ith coordinate of the unit vector N z (p) in a given orthonormal basis of N p P . Let us remark that D p is 1-symmetric with respect to p if and only if p is the 1-centre of mass of D p . The next proposition gives a big family of examples of q-symmetric domains which are not geodesic spheres. Given a basis {e q+1 , . . . , e n } of N p P , let Π i be the hyperplane through the origin orthogonal to e i , and let Π ik be the subspace through the origin of dimension n − q − 2 and orthogonal to e i and e k . By a rotation of axis Π ik we shall understand an isometry of N p P preserving the orientation and having Π ik as the set of fixed points. by the rotation of axis Π ik and angle θ in N p P . Since det(R ikθ * ) = 1 and r p (R ikθ 
From now on, a chain of inequalities of the form
Since 
where
. This is a homogeneous system of j linear equations in the j unknowns 2j 2r
and
By recurrence,
On the other hand, using the invariance of D p by a rotation of angle
, it follows the equality I (i 1 , 2b) = I (1, 2b) . Then, condition (ii) of Definition 4.2 is also satisfied. 2
In the next theorem, we shall use the following notation, taken from [5] . If R P and R M n λ are the curvature tensors of P and M n λ , respectively, and A i , B i are vectors tangent to P ,
where Q s = {σ ∈ S 2s ; σ (2t − 1) < σ (2t), t = 1, . . . , s}.
The contraction C t , 0 t 2s, is defined inductively by C 0 (R s ) = R s and
where E a is a local orthonormal frame of P . Finally, the invariant
When λ = 0, the k 2b are, up to some constants, the coefficients in the classical Weyl's formula for the volume of a tube, and it is a multiple of Euler characteristic of P when 2b = q. 
where 
, but it is proved in [5, pp. 223-224, before formula (7.10)] that
, and the formula in the theorem follows from the combination of these formulae. 2 (x) . Then,
A formula for volume(C) in
denotes the restriction to the subspace of T x P orthogonal to e a , and we take the convention that
Proof. Using the motion φ restricted to P × C p , if η is the volume element of C, we have
If {e 1 , . . . , e q } is an orthonormal basis of T x P satisfying dx(e 1 , . . . , e q ) = 1, and {e q+2 , . . . , e n } is an orthonormal basis of T z C p satisfying dz(e q+2 , . . . , e n ) = 1, then, arguing like in the proof of Theorem 3.1 and using the same notation, with the only exception that now ∧ denotes the cross vector product in
where e i = φ x * z (e i ). Then, we only have to compute
If we also use ∧ to denote the cross vector product in exp(N x P ), and ξ is the unit vector normal to C p at z, then (5.3) ξ = e q+2 ∧ · · · ∧ e n , andξ := φ x * z (ξ ) = e q+2 ∧ · · · ∧ e n is the unit vector normal to C x in φ x (z).
It is easy to check that the Jacobi fields Y a have the form
with X a (t) = c λ (t)τ t e a − s λ (t)τ t L u e a ∈ τ t T x P and D a (t) = s λ (t)τ t D e a (N u )
Then 
Taking e 1 , . . . , e q eigenvectors of L N , with corresponding eigenvalues k 1 , . . . , k q , and using (5.4) and the properties of the cross vector product, we obtain Then, in general, all the (k + 1)th fundamental forms of P appear in the formula for volume(C), a situation very different from that of volume(D) that we considered before. This dependence can be checked taking helix h 1 and h 2 in R 3 with the same curvature and different torsion, and considering, in R 4 , the surfaces h 1 × R and h 2 × R.
When does volume(C) attain its lower bound?
From the formula of Theorem 5.1 we have
and we have the equality for a parallel motion. In this section we are interested on the knowledge of conditions, other than parallel motion, giving the equality in (6.1). Let us also remark that such an equality implies that volume(C) depends only on the second fundamental form of P and not on the successive ones.
For a hypersurface C p of M n−q λp it is possible to define the notion of q-symmetry with respect to p, just changing D p by C p everywhere in Definition 4.2. In general, the lower bound given by (6.1) depends on the motion φ and the second fundamental form of P , but, when C p is q-symmetric with respect to p, the same computations done in the proof of Theorem 4.4 show that there is the corresponding Weyl's type formula for the right hand of inequality (6.1) (just change everywhere D p by C p in formula (4.6) and in the right hand of formula (4.5)), then it does not depend on the motion, and it is an intrinsic invariant of P and C p .
We shall see that, for most motions, the equality in (6.1) only holds when C p is contained in a geodesic sphere of M n−q λp , and, for many others, the equality in (6.1) implies that C p is a revolution submanifold. First, we shall give technical conditions on the motion and the hypersurface C p characterizing the equality in (6.1). Then we shall describe more geometrically these conditions.
A Since f is the restriction off to C p , it follows from (6.7) and (6.8) that (6.9) z is a not regular point of f if and only ifξ z ∈ P s T z V. Now, let us suppose that z is a regular value of f . Then, every connected component
∈ P s T z V, and, for z = z, the u ∈ N p P such that z = exp p r p (z)u is not in V . Let U be the totally geodesic submanifold of dimension d + 1 containing V and tangent to u at p. It is obvious that u ⊕ V = T p U , where u denotes the vector space generated by u.
From (6.2) and (6.6), there are n − q − d − 1 linearly independent vectors v i orthogonal to ξ p , V and u. Then, since u / ∈ V , from the dimensions it follows that ξ z ∈ T p U , and, taking the parallel transport τ t , since U is a totally geodesic submanifold,ξ z ∈ τ t T p U = T z U . Since the geodesic γ (s) is contained in U , P s T z V ⊂ T z U , and sinceξ z / ∈ P s T z V, we have
Given thatξ z is orthogonal to C p at z and
On the other hand, the gradient in M n−q−d λz of the distance to z is tangent to the geodesic γ (s), which is contained in U , then it is orthogonal to C z . therefore C z is a geodesic sphere of M n−q−d λz with centre at z or C z = {z}. Now, let us suppose that z is a critical value of f . From Sard's Theorem, the set of critical values of f has zero measure. Let Z be the arcwise connected component of the set of critical values of f containing z. Let C Z be an arcwise connected component of f −1 (Z). If Bd C Z = ∅, then C Z is open and closed in C p , then C Z = C p , and this implies C p = f −1 (Z). If there be some point y ∈ C p regular for f , it would have a neighborhood of regular points, and, by the rank constant theorem, its image would be a neighborhood of f (y), which is impossible because f (C p ) = Z has zero measure. Then C p has no regular point of f . Thus, from (6.9) we have that (6.10) ξ z ∈ P s T z V for every z ∈ Z and every z ∈ f −1 (z).
Since C p is compact, there is a point z ∈ C p at maximal distance from V, and, at this point, the gradient in
λp at z must be orthogonal to C p , that is, in the direction ofξ z , in contradiction with (6.10). Then we can conclude that
and, since U is connected, the points in U − C Z could be united to z by an arc in U , then in f −1 (Z), therefore U ⊂ C Z , which is a contradiction.
So then, given z ∈ Bd C Z , and the family
λf (z) centered at z with radius 1/n, we consider a family of connected neighborhoods U n of z in C p satisfying U n ⊂ B(z, 1/n). From the above remark, for every n there is a z n ∈ U n such that f (z n ) / ∈ Z. Let c n be a curve in U n joining z n and z. The image of c n by f will be a curve in V joining f (z n ) / ∈ Z with f (z) ∈ Z. Since Z is an arcwise connected component of the set of critical values, there must be a regular value f (z n ) in the image by f of the curve c n . Take a point z n in this curve which image is f (z n ), then z n ∈ U n ⊂ B(z, 1/n) and the sequence {z n } ∞ n=1 converges to z. From the above discussion on regular values, z n is in some geodesic sphere S n of M n−q−d λf (z n ) with centre at f (z n ) ∈ V and contained in C p . For every p 1 ∈ S 1 , we construct a sequence of points defined inductively in the following way: given p n ∈ S n , we take p n+1 as the point in S n+1 closest to p n . Then dist(p n , p n+1 ) = dist(S n , S n+1 ), and the sequence {p n } satisfies dist(p n , p n+1 ) dist(z n , z n+1 ), then it is convergent to some point p 0 ∈ C p (because C p is closed). Moreover, for every n, f (p n ) = f (z n ), and f (z) = lim n→∞ f (z n ) = lim n→∞ f (p n ) = f (p 0 ) for every p 1 ∈ S 1 , and we also have that dist f (z n )) , then, independent on p 1 . Then, all the limits of the sequences constructed above for every p 1 ∈ S 1 are contained in f
and in the geodesic sphere S of centre f (z) and radius dist (f (z), z) . On the other hand, all the points in S are limit of one of these sequences: given p 0 ∈ S, we can construct the sequence which nth element is the point p n ∈ S n closest to p 0 . Then, the points in S are limits of sequences with points in S n , so S ⊂ C p . Since C p is compact, and S ⊂ C Z , because it is in f −1 (f (z)) ⊂ f −1 (Z) and all points in S can be united to z by an arc. Moreover, all the points in S are in Bd C Z , because they are limits of sequences of points with regular image by f . Then, all points in Bd C Z are contained in geodesic spheres of M 
From remark (ii) and the above study on the points in Bd C Z it follows that Bd C Z ∩ M The interest for writing a statement without the closedness hypothesis resides on the existence of hypersurfaces strictly contained on a geodesic sphere which are q-symmetric, which gives tubes with holes for which the Weyl's type formula is still valid. An easy example of 2-symmetric hypersurface of R 3 contained in a sphere is given by the union of bands of small radius around the equator and two meridians of the sphere crossing under an angle of π/2.
Let ϕ be a motion along P from p. Let V be a vector subspace of N p P . We say that the restriction of the motion ϕ to V is parallel if D X N u = 0 for every u ∈ V and every X ∈ T P . Proof. After Lemma 6.1, it only remains to be proved that if C p is a revolution hypersurface around exp p V , then the equality in (6.1) holds, which we know is equivalent to (6.3) . In order to see that (6.3) holds, let u ∈ N p P − V be a unit vector; we can decompose u = u 1 + u 2 , with u 1 ∈ V and u 2 ∈ V ⊥ , then
Following the same notation than in the proof of Lemma 6.1, for every z = exp p tu ∈ C p we have that
is a geodesic sphere, then it is orthogonal to
, then ξ is tangent to T z U , and ξ ∈ T p U . Therefore, if we decompose ξ = ξ 1 + ξ 2 , with ξ 1 ∈ V and ξ 2 ∈ V ⊥ , we have that ξ 2 = cu 2 for some constant c,
If u ∈ V , it is obvious from the definition of V that D e a N u = 0. 2
In order to get a more geometric interpretation of the above lemmas, we shall describe the motions from p along P in a neighborhood of p as immersions of P in SO(n − q). For it, let us consider the open set P [p] of P of all the points x ∈ P which can be joined to p by a unique minimizing geodesic (P [p] = P iff P is starlike with respect to p, which includes the case where P is a complete Riemannian manifold without the cut points of p). Let {ϕ p x } x∈P [p] be the radial motion from p along P [p]. Given any motion {ϕ x } x∈P from p along P , we know that the corresponding maps ϕ p , ϕ : 
. Then, to every motion ϕ from p along P we can associate a C ∞ map
On a neighborhood of p, we can compose A with the inverse ln = e −1 of the exponential map e : o(n − q) → SO(n − q) between the Lie algebra o(n − q) of SO(n − q) and SO(n − q). Then we get that a motion ϕ has associated a C ∞ map defined on a neighborhood of p in P [p] by
have that (6.14) ln A(x)v = 0 for every v ∈ V and every x ∈ P [p].
are linearly independent and orthogonal to V .
From (6.14) and the definition of k(u), we have that, for every x ∈ P [p],
is in the vector space generated by
On the other hand, from the definition of P [p], the geodesics of P starting from p fill in all P [p] . Given one of such geodesics γ ( ), its image ln A(γ ( ))(u) is a curve in N p P through ln A(p)(u) and with tangent vector
in the vector space generated by , a q+d+1 q+d+3 , . . . , a n−2 n , a n−1 n ).
With this identification,
There are three undesirable facts in Theorem 6.3: (i) it applies only to a neighborhood P [p] of p in P ; (ii) it left outside of its hypotheses many interesting motions, like, in many cases, the same radial motion from p, and (iii) it is only a necessary condition to have the equality in (6.1), and it will be desirable to have some characterization of the equality. The next Theorem 6.4 overcomes the undesirable facts (i) and (ii), and Theorem 6.6 overcomes (iii). To state these theorems we need to consider a motion from p as a motion from an arbitrary point y.
Given any motion ϕ from p along P , and any y ∈ P , ϕ defines a motion y ϕ from y along P by When d > 0, the condition is generic among all the motions for which there is a subspace V of N p P of dimension d such that the motion restricted to V is parallel. These kind of motions exist on every submanifold P having a subbundle of N P of rank d with trivial D-holonomy. Theorems 6.3 and 6.4 generalize Theorem 4.4 in [2] in two directions. On one side, it is allowed for the dimension q of P to be greater than 1. On the other side, even in dimension q = 1 it characterizes the revolution hypersurfaces as the only ones where we can get the minimum for volume(C) for motions which are parallel only restricted to some subspace V , proving something that the reading of example in [2, Remark 4.7] can easily suggest. Lemma 6.5. The restriction of a motion ϕ along P from p to a vector subspace V of N p P is parallel if and only if, for every y ∈ P , the restriction of y ϕ to V y = ϕ y (V) is radial. In particular, a motion ϕ is parallel if and only if, for every y ∈ P , y ϕ is radial.
Proof. It is obvious that if the restriction of ϕ to V is parallel then the restriction of y ϕ to V y is radial. Now, let us suppose that y ϕ restricted to V y is radial for every y ∈ P . For every x ∈ P , let v 1 , . . . , v q be a basis of T x P , and consider the points y i = exp x t i v i ∈ P , 1 i q. Proof. This result will follow from Theorem 6.6(a) if we show that, when n − q = 2, not to be parallel implies that there is a y ∈ P such that ln A y ( P [y]) is not contained in any hyperplane of o(n − q). By Lemma 6.5, if ϕ is not parallel, there is a y ∈ P such y ϕ is not radial. Therefore A y is not constant, and, then, it is not contained in an affine hyperplane of o(2) which has dimension 1. 2
